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In this report, by the numerical continuation method we visualize and connect hidden chaotic
sets in the Glukhovsky-Dolzhansky, Lorenz and Rabinovich systems using a certain path in the
parameter space of a Lorenz-like system.
I. INTRODUCTION
In 1963, meteorologist Edward Lorenz suggested an ap-
proximate mathematical model (the Lorenz system) for
the Rayleigh-Be´nard convection and discovered numeri-
cally a chaotic attractor in this model [1]. This discovery
stimulated rapid development of the chaos theory, nu-
merical methods for attractor investigation, and till now
has received a great deal of attention from different fields
[2–7]. The Lorenz system gave rise to various generaliza-
tions, e.g. Lorenz-like systems, some of which are also
simplified mathematical models of physical phenomena.
In this paper, we consider the following Lorenz-like sys-
tem 
x˙ = −σ(x− y)− ayz
y˙ = rx− y − xz
z˙ = −bz + xy,
(1)
where parameters r, σ, b are positive and a is real. Sys-
tem (1) with
a = 0 (2)
coincides with the classical Lorenz system.
Consider
b = 1, a > 0, σ > ar. (3)
Then by the following linear transformation (see, e.g.,
[8]):
(x, y, z)→
(
x,
ζ
σ − ar , r −
ζ
σ − ar y
)
, (4)
system (1) is transformed to the Glukhovsky-Dolzhansky
system [9]: 
x˙ = −σx+ ζz + αyz
y˙ = ρ− y − xz
z˙ = −z + xy,
(5)
where
ζ > 0, ρ =
r(σ − ar)
ζ
> 0, α =
ζ2a
(σ − ar)2 > 0. (6)
The Glukhovsky-Dolzhansky system describes the con-
vective fluid motion inside a rotating ellipsoidal cavity.
If we set
a < 0, σ = −ar, (7)
then after the linear transformation (see, e.g., [8]):
(x, y, z)→
(
ν−11 y, ν
−1
1 ν
−1
2 hx, ν
−1
1 ν
−1
2 h z)
)
, t→ ν1 t
with positive ν1, ν2, h, we obtain the Rabinovich system
[10, 11], describing the interaction of three resonantly
coupled waves, two of which being parametrically ex-
cited: 
x˙ = hy − ν1x− yz,
y˙ = hx− ν2y + xz,
z˙ = −z + xy,
(8)
where
σ = ν−11 ν2, b = ν
−1
1 , a = −ν22h−2, r = ν−11 ν−12 h2. (9)
Hereinafter, the Lorenz, Glukhovsky-Dolzhansky, and
Rabinovich systems are studied in the framework of sys-
tem (1) under the corresponding assumptions on parame-
ters ((2), (3), or (7)), respectively. For the considered as-
sumptions on parameters, if r < 1, then (1) has a unique1
equilibrium S0 = (0, 0, 0), which is globally asymptoti-
cally Lyapunov stable [8, 12]. If r > 1, then system (1)
has three equilibria: S0 = (0, 0, 0) and
S± = (±x1, ±y1, z1). (10)
Here,
x1 =
σb
√
ξ
σb+ aξ
, y1 =
√
ξ, z1 =
σξ
σb+ aξ
,
and
ξ =
σb
2a2
[
a(r − 2)− σ +
√
(σ − ar)2 + 4aσ
]
.
The stability of equilibria S± of system (1) depends on
the parameters r, σ, a and b.
1 In general, system (1) can possess up to five equilibria [8].
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2Lemma 1 (see, e.g. [13]). For a certain σ > 2, the equilib-
ria S± of system (1) with (3) (and, thus, of Glukhovsky-
Dolzhansky system (5)) are stable if and only if the fol-
lowing condition holds:
a2σ2(σ − 2)r3 − a (2σ4 − 4σ3 − 3aσ2 + 4aσ + 4a) r2+
+ σ2
(
σ3 + 2(3a− 1)σ2 − 8aσ + 8a) r−
− σ3 (σ3 + 4σ2 − 16a) < 0.
(11)
Lemma 2 (see, e.g. [14]). The equilibria S± of system
(1) with (7) (and, thus, of the Rabinovich system (8))
are stable if and only if one of the following conditions
holds:
(i) 0 ≤ ar + 1 < 2r
r−
√
r(r−1) ,
(ii) ar+1 < 0, b > bcr =
4a(r−1)(ar+1)
√
r(r−1)+(ar−1)3
(ar+1)2−4ar2 .
The particular interest in the considered Lorenz-like
systems is due to the existence of chaotic attractors in
their phase spaces. In the next section, we will present
the definition of attractor from analytical and numerical
perspectives.
II. ATTRACTORS OF DYNAMICAL SYSTEMS
A. Attractors of dynamical systems
Consider system (1) as an autonomous differential
equation in a general form:
u˙ = f(u), (12)
where u = (x, y, z) ∈ R3, and the continuously differen-
tiable vector-function f : R3 → R3 may represent the
right-hand side of system (1). Define by u(t, u0) a solu-
tion of (12) such that u(0, u0) = u0. For system (12), a
bounded closed invariant set K is
(i) a (local) attractor if it is a minimal locally attractive
set (i.e., limt→+∞ dist(K,u(t, u0)) = 0 for all u0 ∈
K(ε), where K(ε) is a certain ε-neighborhood of
set K),
(ii) a global attractor if it is a minimal globally attrac-
tive set (i.e., limt→+∞ dist(K,u(t, u0)) = 0 for all
u0 ∈ Rn),
where dist(K,u) = infv∈K ||v − u|| is the distance from
the point u ∈ R3 to the set K ⊂ R3 (see, e.g. [13]).
Note that system (1) is dissipative in the sense that it
possesses a bounded convex absorbing set [8, 13]
B =
{
(x, y, z) ∈ R3 | V (x, y, z) ≤ b(σ + δr)
2
2c(a+ δ)
}
, (13)
where V (u) = V (x, y, z) = x2+δy2+(a+δ)
(
z − σ+δra+δ
)2
,
δ is an arbitrary positive number such that a + δ > 0
and c = min(σ, 1, b2 ). Thus, solutions of (12) exist for
t ∈ [0,+∞) and system (1) possesses a global attractor
[13, 15], which contains the set of equilibria and can be
constructed as ∩τ>0∪t≥τϕt (B).
Computational errors (caused by finite precision arith-
metic and numerical integration of differential equations)
and sensitivity to initial conditions allow one to get a
reliable visualization of a chaotic attractor by only one
pseudo-trajectory computed on a sufficiently large time
interval. For that, one needs to choose an initial point in
attractor’s basin of attraction and observe how the tra-
jectory starting from this initial point after a transient
process visualizes the attractor. Thus, from a computa-
tional point of view, it is natural to suggest the follow-
ing classification of attractors, based on the simplicity of
finding the basin of attraction in the phase space.
Definition. [13, 16–18] An attractor is called a self-
excited attractor if its basin of attraction intersects with
any open neighborhood of a stationary state (an equilib-
rium); otherwise, it is called a hidden attractor.
Remark. Sustained chaos is often (almost) indistinguish-
able numerically from transient chaos (transient chaotic
set in the phase space), which can nevertheless persist for
a long time. Similar to the above definition, in general, a
chaotic set can be called hidden if it does not involve and
attract trajectories from a small vicinities of stationary
states; otherwise, it is called self-excited.
For a self-excited attractor, its basin of attraction is
connected with an unstable equilibrium and, therefore,
self-excited attractors can be localized numerically by the
standard computational procedure in which after a tran-
sient process a trajectory, started in a neighborhood of
an unstable equilibrium (e.g., from a point of its unsta-
ble manifold), is attracted to the state of oscillation and
then traces it. Thus, self-excited attractors can be eas-
ily visualized (see, e.g. the classical Lorenz, Rossler, and
Hennon attractors can be visualized by a trajectory from
a vicinity of unstable zero equilibrium).
For a hidden attractor, its basin of attraction is not
connected with equilibria, and, thus, the search and vi-
sualization of hidden attractors in the phase space may
be a challenging task. Hidden attractors are attractors
in the systems without equilibria (see, e.g. rotating elec-
tromechanical systems with Sommerfeld effect described
in 1902 [19, 20]), and in the systems with only one stable
equilibrium (see, e.g. counterexamples [18, 21] to the Aiz-
erman’s (1949) and Kalman’s (1957) conjectures on the
monostability of nonlinear control systems [22, 23]). One
of the first related problems is the second part of Hilbert’s
16th problem (1900) [24] on the number and mutual dis-
position of limit cycles in two-dimensional polynomial
systems where nested limit cycles (a special case of mul-
tistability and coexistence of attractors) exhibit hidden
periodic oscillations (see, e.g., [18, 25, 26]). The classi-
fication of attractors as being hidden or self-excited was
introduced by G. Leonov and N. Kuznetsov in connec-
tion with the discovery of the first hidden Chua attrac-
tor [16, 17, 27–29] and has captured much attention of
scientists from around the world (see, e.g. [30–48]).
3B. Hidden attractor localization via numerical
continuation method
One of the effective methods for numerical localization
of hidden attractors in multidimensional dynamical sys-
tems is based on the homotopy and numerical continua-
tion method (NCM). The idea is to construct a sequence
of similar systems such that for the first (starting) system
the initial point for numerical computation of oscillating
solution (starting oscillation) can be obtained analyti-
cally. Thus, it is often possible to consider the start-
ing system with self-excited starting oscillation; then the
transformation of this starting oscillation in the phase
space is tracked numerically while passing from one sys-
tem to another; the last system corresponds to the system
in which a hidden attractor is searched.
For studying the scenario of transition to chaos, we
consider system (12) with f(u) = f(u, λ), where λ ∈ Λ ⊂
Rd is a vector of parameters, whose variation in the pa-
rameter space Λ determines the scenario. Let λend ∈ Λ
define a point corresponding to the system, where a hid-
den attractor is searched. Choose a point λbegin ∈ Λ such
that we can analytically or numerically localize a certain
nontrivial (oscillating) attractor A1 in system (12) with
λ = λbegin (e.g., one can consider an initial self-excited
attractor defined by a trajectory u1(t) numerically inte-
grated on a sufficiently large time interval t ∈ [0, T ] with
initial point u1(0) in the vicinity of an unstable equi-
librium). Consider a path2 in the parameter space Λ ,
i.e. a continuous function γ : [0, 1] → Λ, for which
γ(0) = λbegin and γ(1) = λend, and a sequence of points
{λj}kj=1 on the path, where λ1 = λbegin, λk = λend,
such that the distance between λj and λj+1 is sufficiently
small. On each next step of the procedure, the initial
point for a trajectory to be integrated is chosen as the
last point of the trajectory integrated on the previous
step: uj+1(0) = uj(T ). Following this procedure and se-
quentially increasing j, two alternatives are possible: the
points of Aj are in the basin of attraction of attractor
Aj+1, or while passing from system (12) with λ = λj to
system (12) with λ = λj+1, a loss of stability bifurcation
is observed and attractor Aj vanishes. If, while changing
λ from λbegin to λend, there is no loss of stability bifurca-
tion of the considered attractors, then a hidden attractor
for λk = λend (at the end of the procedure) is localized.
Classical attractors obtained in the Lorenz, Rabi-
novich, and Glukhovsky-Dolzhansky systems are self-
excited, each can be visualized easily by a trajectory from
a small vicinity of one of the unstable equilibria (see [1],
[10], [9], respectively).
Recently, hidden attractors were discovered in the
Glukhovsky-Dolzhansky system (5) for σ = 4 (see
[13, 49]) and in the Rabinovich system (see [14]) by nu-
merical continuation method. For σ = 10, b = 8/3
2 In the simplest case, when d = 1, the path is a line segment.
and r = 24 in the Lorenz system, there exists a hid-
den bounded chaotic set (similar to the classical Lorenz
attractor), which is numerically indistinguishable from
sustained chaos since it persists for a very long time (see
corresponding discussions in [50, 51]). Our aim here is
to find a continuous path in the parameter space of sys-
tem (1) that connects the above hidden chaotic set in the
Lorenz system with the hidden Glukhovsky-Dolzhansky
and Rabinovich attractors.
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Figure 1: Path P 1GD → P 2GD → P 3GD in parameters plane
(a, r) for localization of hidden GD attractor, σ = 4;
(•) P 1GD(0.01, 338) : self-excited attractor with respect to
S0, S±; (•) P 2GD(0.01, 342) : self-excited attractor with
respect to S0; (•) P 3GD(0.01, 346) : hidden attractor.
Stability domain is defined according to inequality (11).
III. LOCALIZATION OF HIDDEN
ATTRACTORS ON ONE PATH
In this experiment for system (1),
we consider three sets of parameters:
PGD (r = 346, a = 0.01, σ = 4, b = 1) (for
the Glukhovsky-Dolzhansky system —
GD), PL (r = 24, a = 0, σ = 10, b = 8/3)
(for the Lorenz system — L), and
PR (r = 24, a = −1/r − 0.01, σ = −ar, b = bcr + 0.14)
(for the Rabinovich system — R). Here, we change
the parameters in such a way that hidden Glukhovsky-
Dolzhansky and Rabinovich attractors are located not
too close to the unstable zero equilibrium so as to
avoid a situation that numerically integrated trajectory
persists for a long time and then falls on an unstable
manifold of the unstable zero equilibrium, then leaves
the transient chaotic set, and finally tends to one of the
stable equilibria (see e.g. the corresponding discussion
on the Lorenz system in [50]).
Hidden chaotic attractor in the
Glukhovsky-Dolzhansky system with
PGD (r = 346, a = 0.01, σ = 4, b = 1) can be obtained
from a self-excited attractor by numerical continuation
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Step 1 : r = 338, self-excited attractor
A1SE with respect to 3 equilibria S0, S±;
Step 3 : r = 346, hidden attractor
A3HID, separatrices of S0 → S±
Step 2 : r = 342, self-excited attractor A2SE, with
respect to 1 equilibrium S0, equilibria S± are stable;
x10 = (−0.0105, −0.0994, 0); x20 = (−5.6369, 24.3371, 345.67239); x30 = (7.2916, 0.1079, 385.3934).
;
Figure 2: Localization of hidden chaotic attractor (purple) in Glukhovsky-Dolzhansky systems defined by equations (1)
and (3) using numerical continuation method. Here, trajectories xi(t) = (xi(t), yi(t), zi(t) (blue) are defined on the time
interval [0, T ] (T = 101) and initial point on the (i+ 1)-th iteration (yellow) is defined as xi+10 := x
i
T (light green arrows),
where xiT = x
i(T ) is the final point (yellow). Outgoing separatrices of unstable zero equilibrium tend to two symmetric
stable equilibria.
method [13, 49]. See the corresponding path in the space
of parameters in Fig. 1 and the localization procedure in
Fig. 2.
These sets of parameters define three points, PGD, PL
and PR, in the 4D parameter space (r, a, σ, b). Con-
sider two line segments, PGD → PL and PL → PR,
defining two parts of the path in the continuation pro-
cedure. Choose the partition of the line segments into
Nst = 10 parts and define intermediate values of param-
eters as follows: P iGD→L = PGD +
i
Nst
(PL − PGD) and
P iL→R = PL +
i
Nst
(PR−PL), where i = 1, . . . , Nst. Initial
points for trajectories of system (1) that define hidden
chaotic sets are presented in Table I. At each iteration
of the procedure, a chaotic attractor (defined by the tra-
jectory in the phase space of system (1)) is computed.
The last computed point of the trajectory at the previ-
ous step is used as the initial point for computation at the
next step. By this procedure, starting from the hidden
Table I: Initial point (x0, y0, z0) and time interval [0, T ]
of numerical integration for each part of the path.
Path (x0, y0, z0) T
GD→ L (10.64, 60.78, 390) 104
L→ R (0.2, 0.2, 0.35) 1.1 · 104
Glukhovsky-Dolzhansky attractor it is possible to local-
ize numerically hidden chaotic sets in the Lorenz and Ra-
binovich systems. For the considered parameters, the tra-
jectories, starting in small neighborhoods of unstable zero
equilibrium, are not attracted by the computed chaotic
set, and the outgoing separatrices of unstable zero equi-
librium tend to two symmetric stable equilibria. Thus,
the computed chaotic sets are hidden according to the
above classification.
Remark. The path and its partition are chosen such that
during the procedure the obtained intermediate attrac-
tors are self-excited (equilibria S± are unstable) and the
basin of attraction of the attractor at the current step
intersects with the attractor obtained on the previous
step.
Hereinafter, it is reasonable to try to increase the
length of the step (i.e. decrease the number of the steps)
in the continuation procedure, but we may face the situa-
tion where the basin of attraction of the current attractor
does not intersect the previous attractor, or intersects it
only partially. In this case, the result of the procedure
depends on the time interval of the numerical integration
of the trajectory.
All numerical experiments were performed in MAT-
LAB R2016b using standard procedures for numerical
ODE integration.
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Step 2 : r = 24, a = 0, σ = 10, b = 8/3,
Lorenz system,separatrices of S0 → S±;
Step 1 : r = 346, a = 0.01, σ = 4, b = 1,
Glukhovsky-Dolzhansky system,
separatrices of S0 → S±;
Step 3 : r = 24, a = 1/r − 0.01, σ = −ar,
b = bcr + 0.14,Rabinovich system,
separatrices of S0 → S±;
Figure 3: Localization of hidden chaotic sets in Glukhovsky-Dolzhansky, Lorenz and Rabinovich systems defined by
equation (1) using numerical continuation method. Here, trajectories xi(t) = (xi(t), yi(t), zi(t) (blue) are defined on the
time interval [0, T ], (GD→ L : T = 104; L→ R : T = 1.1 · 104) and initial point on the (i+ 1)-th iteration (yellow) is
defined as xi+10 := x
i
T (light green arrows), where x
i
T = x
i(T ) is the final point (yellow). Outgoing separatrices of
unstable zero equilibrium tend to two symmetric stable equilibria.
IV. CONCLUSION
In this report, by means of the numerical continuation
method we localize hidden chaotic sets on one path: from
the Glukhovsky-Dolzhansky system through the Lorenz
system to the Rabinovich system. This helps better un-
derstanding of hidden chaotic attractors and their rela-
tionships.
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8Listing 1: Numerical visualization of chaotic sets in the Glukhovsky-Dolzhansky, Lorenz and Rabinovich systems.
plotAttractors.m – plot GD, Lorenz and Rabinovich hidden attractors.
1 function plotAttractors
2 % GD parameters (r, a > 0, sigma > a*r, b = 1) and initial point:
3 r_GD = 346; a_GD = 0.01; b_GD = 1; sigma_GD = 4; trajGD_0 = [10, 60, 390];
4 % Lorenz paramters (r, b, sigma > 0, a = 0) and initial point:
5 r_L = 24; a_L = 0; b_L = 8/3; sigma_L = 10; trajL_0 = [0.2, 0.2, 0.35];
6 % Rabinovich parameters (r, b > 0, a < 0, sigma = −a * r) and initial point:
7 r_R = 24; a_R = -1 / r_R - 0.01; b_cr = (4 * a_R * (r_R - 1) * (a_R * r_R + 1) * ...
8 sqrt(r_R * (r_R - 1)) + (a_R * r_R - 1)^3) / ((a_R * r_R + 1)^2 - 4 * a_R * r_R ^2);
9 b_R = b_cr + 0.14; sigma_R = - a_R * r_R; trajR_0 = [-2.4, 3.6, 23.6];
10 % Integration time:
11 tEnd = 1e4;
12 % Plot GD, Lorenz and Rabinovich attractors:
13 figure (1); plot3d(trajGD_0 , tEnd , r_GD , a_GD , b_GD , sigma_GD );
14 figure (2); plot3d(trajL_0 , tEnd , r_L , a_L , b_L , sigma_L );
15 figure (3); plot3d(trajR_0 , tEnd , r_R , a_R , b_R , sigma_R );
16 % Generalized Lorenz system:
17 function out = genLorSys(t, x, r, a, b, sigma)
18 out = zeros (3,1);
19 out (1) = - sigma * x(1) + sigma * x(2) - a * x(2) * x(3);
20 out (2) = r * x(1) - x(2) - x(1) * x(3);
21 out (3) = x(1) * x(2) - b * x(3);
22 end
23 % Attractor plotting routine:
24 function plot3d(traj0 , tEnd , r, a, b, sigma)
25 % ODE solver settings:
26 acc = 1e-8; RelTol = acc; AbsTol = acc; InitialStep = acc /10;
27 solverOptions = odeset(’RelTol ’, RelTol , ’AbsTol ’, AbsTol , ...
28 ’InitialStep ’, InitialStep , ’NormControl ’, ’on’);
29 % Integration of the trajectory:
30 [~, traj] = ode45(@(t, x) genLorSys(t, x, r, a, b, sigma), ...
31 [0, tEnd], traj0 , solverOptions );
32 % Equilibria:
33 S0 = [0 0 0];
34
35 if a == 0
36 S12XY = sqrt(b*(r -1)); S12Z = r-1;
37 S1 = [S12XY , S12XY , S12Z]; S2 = [-S12XY , -S12XY , S12Z];
38 else
39 XSI = (sigma*b)/(2*a^2)*(a*(r-2)- sigma + sqrt((a*r-sigma )^2+4*a*sigma ));
40 S12X1 = (sigma*b*sqrt(XSI ))/( sigma*b + a*XSI);
41 S12Y1 = sqrt(XSI); S12Z1 = (sigma*XSI)/( sigma*b + a*XSI);
42 S1 = [S12X1 , S12Y1 , S12Z1 ]; S2 = [-S12X1 , -S12Y1 , S12Z1 ];
43 end
44
45 plot3(S0(1), S0(2), S0(3), ’.’, ’markersize ’, 15, ’Color’, ’red’); hold on;
46 text(0, 0, 0,’S_0’,’fontsize ’, 18);
47
48 plot3(S1(1), S1(2), S1(3), ’.’, ’markersize ’, 20, ’Color’, ’green’);
49 text(S1(1), S1(2), S1(3),’S_1’,’fontsize ’, 18);
50
51 plot3(S2(1), S2(2), S2(3), ’.’, ’markersize ’, 20, ’Color’, ’green’);
52 text(S2(1), S2(2), S2(3),’S_2’,’fontsize ’, 18);
53
54 plot3(traj(:, 1), traj(:, 2), traj(:, 3), ’Color’, ’blue’); hold off;
55
56 xlabel(’x’); ylabel(’y’); zlabel(’z’);
57 grid on; axis auto; view (3);
58 end
59 end
